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Seminarni prace ¢.4

Binomické rozdéleni

a)  Disperze

Pro disperzi binomického rozdéleni plati vztah:

Umocnénim prvni zavorky a poté roznadsobenim dostaneme tfi soucty :
D, E (k* = 2ku + p*)————p"(1-p)"™*
kI(N — k)v

D, =sum, +sum, +sum;,

N

N )
sum, = E pu———p*1-p)"*
KI(N —k)!

k=0

N

|
sum, =24k pt (1)
k(N —k)!

k=0

’ 2 o v v ’ v ’ .
Vyraz p° miizeme ve vztahu pro sum; vytknou pfed sumu. Vyraz za suma¢nim znaminkem je
z normovaci podminky roven 1 a tudiz sum; = p”.
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Zbylé sumy budeme upravovat postupné:
N
sum, =2 ) k0 pt(1-p)™ k——zqu pH1=p)™
e [|(N - k)' kI(N —k)!
N Nl
:_2ﬂz—'pk(1_p)N-k= k=I+1 M=N-1
—d (k—1)I(N —k)!
N-1 N M (M +1)!
! . - +1)! -
=—2ﬂ2—p’ ‘(1-p) 1=—2ﬂ-pZ:—p’(l—p)M '=
o [\(N —1-1)! o [|(M —1)!
M
_ M! / M-l _
==2u-p-(M+1) p ———p (1-p)" " =—2u-p-N
o [\(M —1)!
N N'
sum3=ZkZ—' YNk Zkz M pra-p)V =
et [|(N—F)! KkI(N - k)'
N Nl
:Zk—'p"(l—p)’v"‘z k=1+1
— (k—1){(N—Fk)!
N-1 Nl
=) 1y - M=N-1
m I(N—1-1)!
N-1 Nl N-1 N!
=pz—'p’ (1-p)" " +le—'p’(l—p)N” =
e [|(N —1—1)! e [\(N—1-1)!
M
(M +1)!

) - N .
p'A=p)"+p E |————p'(1=p)""'=pN +sum,
= [\(M ~1)! (N -1-1)!

N-1 N-1

N N N! N
Sumy; =p E [———p'(1-p)"""'=p E p'A-p)" =
i [\(N—I-1)! — (I-)(N—I-1)!

I=m+1 M=N-2

N-2 M
N! it e M+2)! m
=p E ——p"" (=) =p’ up (I-p)"™"=p’N’-p’N
e (N ——2)! e (M —m)!

sum,=pN+p°N’-p’N
2/17



Radim Kusak
F1-X-12

Dosazenim do vztahu:

D, =sum, +sum, +sum,

dostavame:
D,=p*-2u-pN+pN+p°’N*—p>N
Jelikoz plati, Ze p = pN, dostavame pro Dy vztah:

D,=Np-(1I-p)
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b)  Asymetrie

Pro tfeti centralni moment binomického rozdéleni plati vztah:

N
N! _
cE,3=Z(k—m3—pk(1—p ok
= k(N —k)!

Umocnénim prvni zdvorky a poté roznasobenim dostaneme Ctyti soucty :

cE; = Z(k3 =3k pu+3ky’ — 1) ————p*A-p)"™*
KVl

3
cE; =sum, +sum, +sum, +sum,

N
N! _
Sumlz—fz—p"(l—p)’v ¢
m—d k(N —k)!
sum, =34’ Zk “A=p)M*
k(N - k)'

sum, :—3,qu2 e N o p a-p)"*

N

|
sum, =Zk3 S
k(N —F)!

k=0

N
|
sum, =—p1° E () A
i (\(N—k)!

N N
N! _ N! _
sum, =31° E k————p*(1-p)" ™ =By’ E —pf-pt=
m—d |I(N—k)! m— (k—1)/(N —k)!
k=[+1

'S s N-I-1 N! _
B Z'(Nll)' A=) ‘”Zm Pa-r

=

=0
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. N! < N!
sum, =—3#Zk2 —p"(1-p"* =—3qu—' pra-p) =
= K(N-K)! —d (k—~1)I(N—k)!
k=1+1
N-1 N|
— INN—I-1)!
Nl I N-1 i
:—3ﬂp2—pl(l_p)]\/ll_3ﬂp2] : pl(l_p)N—l—lz
= (N -1-D)! —d [\(N~[-1)!
M=N-1
" (M+1)! M
+1)! _ ! L
:_3’UPZ pl(l_p)M 1_3,‘1172 pl(l_p)Nl 1_
= (M =D)! — (] —1)((N—~1-1)!
N-1
N' 1 N-I-1
— (] —1)((N ~1-1)!
I=m+1
N-1 N1 N-2 v
Sum3l :pz . pl(l_p)N—l—l — Z—'pmﬂ (l_p)N—m—Z _
=t (I-1)I(N —1-1)! e 11)(N —11—2)!
M=N-=2
(M +2)!
+2)! m m
=p’ p"(1-p)" " =p’N-(N-1)
m—d (M —m)!
sum;==3u-|[pN+p’N-(N-1)]
. N! - NI
Sum4:Zk3—'p"(l—p)N"‘:Zkz—' pr-p)N =
= K(N-K)! — (k—1)(N—F)!
k=1+1
N-1 N| N-1 N'
Y ey ey py
pary INN—-I-D)! o (N —1-1)!
sum4 :sum4, +sum42 +sum43
N-1 N| N-1 N'
sumy=p Y (1= p) " sumy =2p Y I p(1-p)"
= (N -[-])! =t [\(N —[-1)!
N-1 Nl
SUMm 5 :pZZZ—'pl (l_p)N—l—l
o [\(N—1-1)!
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M=N-1
NV V(M )!
! i +1)! -
Sum4l=pz p'=p)""=p p'(1-p)""'=pN
i [|(N -1 -1)! —d (M ]!
N-1 N-1

N »n NI n
sum,=2p E l—————p'(1-p)""'=2p E p'(l-p) "=
i [(N—I-1)! —d (1-1)\(N —[-1)!

I=m+1 M=N-2
N-2

M

| |

=2PZLPMI (1-p)" ™2 =2p’ ZMPM (1-p)" ™" =2p’N-(N-1)
e (N —m—2)! e (M —m)!

N-1 N1

N " N N
UM, ;= p E P———p'1-p)""=p E ! p'a-p)V =
I(N—1-1)! — (I-D)(N—=I-1)!

=0
I=m+1

N-2
= m+1 ' ml (] — p)N-m=2
p;( Vo —m P A-P)

sum ;; =sum ;;; +sum ;;,

Sum _ 2Nf2 N' m(l _ )N—m—Z
R P e L

N-

SUmyz, = Z m'(N 2)!]7 (1-p)

N-m-2

m=0

M=N-2

p"(1-p)"™" =p’N-(N-1)

2 m N m— 2
sum =p p 1 E
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N-=-2 | N-2 N'

2 m . m 1_ N-m-2 — 2 . m 1 _ N-m-2 —
2 N w4 P P TN —mea P
m=n+1 M=N-3

M
N! it e M+3) .
= p? E M ey Y I e N - (v -2)
nl(N—-n-3)! = n!(M —n)!

n=0

n=

sum ;; =sum ;;; +sum ;;,

sum,=p°N-(N-1)+p’N-(N-1)-(N-2)

sum ,=sum , +sum ,+sum;

sum,=pN+2p’N-(N-1)+p°’N-(N-D+p’N-(N-1)-(N-2)

3_
cE; =sum,+sum,+sum+sum,

CE; =—p’ +3u’ pN -3u-|pN+p’N-(N-D)|+ pN+2p’N-(N-1)+ p°N-(N-1)+ p’N-(N-1)-(N-2)

cE]=Np-(1- p)-(1-2p)

Pro vy plati vztah:
cE]
0_3
Jelikoz o=,/D, pak pro vy plati:
1-2
y=———t—#Np-(1-p)-(1-2p)
\NNp-(1-p)
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Poissonovo rozdéleni

a)  prvni moment

Pro prvni moment a normovaci podminku Poisonova rozd¢leni plati vztah:

N N P
=Zk-pk Hoera
k!
5=0 k=0

Odtud:
k=1+1 M=N-1
1+1 /
Ek= Z —e 'u—e =U 'u—e_” =u
(k— 1)' = (k=1)! = ! = [
E,=u

b)  Disperze

Pro disperzi Poisonova rozdéleni plati vztah:

Odtud:

N k N k N k N k
Dk :Z(k_lu)z’u_e_” =luzz’u_e_'u _2/1 kﬂ_e_”+2k2ﬂ_e_# =
= k! ! — k! = k!

k=1+1
N x N P N-1 / N-1
) S Y YD)
m— (f—1)! — (k-1)! ]| —

[=m+1
N-2 m

=ut-2u° +y —e “+u =1° =21 + Z'U—e_”z

(l 1)' 1!
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M=N-2
N_2 m M m
:luz_zluz_l_lu_l_luzzﬂ_e—y :ﬂ2_2ﬂ2+ﬂ+ﬂzzﬂ_e—y =Iu2_21u2+lu+lu2:‘u
m! m!
m=0 m=0

c)  Asymetrie

Pro tfeti centralni moment Poisonova rozdéleni plati vztah:

ul k
B =) (k- e
k=0 k!

N k N N X
cE; Z(k ,u)”l "z—,u ﬂ—e “ 4307 kﬂ—e”—3,u2k2ﬂ e +Zk3ﬂ—e”=
k! - k! — ] k!
=P 34 Z -3 Zk e_”+Zk L
(k— 1)' (k-1)! — (k-1)!

k=1+1
Nl N 1+1
_ﬂ3+3ﬂ22ﬂ_eﬂ 3/1 —u Z(l_l_l)Z,u_ey_
Al Al
1=0 =0
M=N-1
M l Nl l
:_ﬂ3+3ﬂ3zﬂ_e_” —3/1 Z e —H 3/1 Zl/’l e +ﬂ2(1+1)2ﬂ_e—y:
/! Al
1=0 ry
M=N-1
N-1 ; M ; N-1 ; N-1 ;
=1 +34° =37 —3,1122'“—6"“ +,uZ'u—e"“ +2u 12w +,ule'u—e_”
m— ([-1)! — Al — ! pn Al
[=m+1

N-2 N-1

m+l / Nl !
:—,u3+3,u3—3,u2+,u—3,u22‘u—e”+2,uz i e +u A ere
m! — (] -1)! = (/1)

m=0
[=m+1 M=N-2
M " N-2 il N-2
=1 +3° =3 +,u—3,u3Z’u—e‘” +2,uZ’u—e_” + U
m=0 m' m=0 m' m=0
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:—,u3—i—3,u3—3,u3—3,uz+,u+2,uzZ:’u—e"+,u2 ’u—e"—i-,uzz R ere
e 1! e 111 — (m—1)!
m=n+1 M=N-2
M m M m 23 n+l
=1 347 =37 =347 +,u+2y22’u—e_” +,uzZ’u—e_” +y22’u e =
m! m! n!
m=0 m=0 n=0
M=N-3
M n
=437 =347 — P 207+ P =3 Hogne
n=0 n'
=130 =38+ = 2 =3 p=p
Jelikoz pro asymetrii plati vztah:
cE;

Pro o plati:

=D,

Jelikoz D= dostavame pro asymetrii Poisonova rozdéleni vztah:

— 12

e
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Normalni rozdéleni

a) Stfedni hodnota

Pro stfedni hodnotu normalniho rozdéleni plati vztah:

°O 1 (x-p)’
E :Ix-—e 20" x

’ o271
Upravami:
_X—H \/_
y= 20+ =X
V20
E_j:x. 4/1 e[g‘lrdx_ 1 'ﬁgj(ﬁa-y p)-e ™ dy=
’ J o 27 o217 .
z=—y2

b)  Disperze
Pro disperzi normalniho rozdéleni plati vztah:

0

D, = j (x—p)*

—00

)’

! e 2 dx

o277
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Upravami:

c)  Asymetrie
Pro asymetrii normalniho rozdé€leni plati vztah:

(x-p)’

1 YN
oo e P
. o~\N2xw

Upravami:
X—p y?
y= o-dy=dx Z=—"—
log 2
0-3 o0 x_ 3 _[ o j 0-3 o0 B 3 —00
y= [ ’uj e 2 dx= Iy3 e 2dy=— J‘Z-ezdz=0
o2z J\ o N27 2r
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plati:

plati:
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Nahodna prochazka

Pti prvnim kroku urazi ¢lovek vzdalenost L nebo —L. Oznacime-li si vzdalenost od pocatku d; pak

d=tL
Avsak v druhé mocning nabyva tento vyraz tvar:

d’=r
Obdobné pro stfedni hodnotu tohoto vyrazu:

)t
Pfi N-tém kroku se miize ¢lovek pohybovat bud’ dopfedu nebo dozadu, tudiz plati:

dy=d, ,+L nebo d,=d, —L

Pro druhé mocniny téchto vyraza plati:

dy=d, +2d, L+ dy=dy —2d, L+

Pro sttedni hodnotu téchto vyrazl plati:

)-

(di+2dy L+L)+(d} +2dy L+L7)
2

Odtud
(42 )={a o
Jelikoz (d”)=1" pak pro (d3) po N krocich plati:
(dy)=N-I’

Vyraz <d§> nam oznacuje stiedni hodnotu ¢tverce vzdalenosti po N krocich stejné jako <X2 >, tak

(x*)=N-I’
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Rovnomérné, spojité rozd€leni na intervalu <a,b>

a) Stfedni hodnota
Pro stfedni hodnotu rovnomérného spojitého rozdéleni na intervalu <a,b> plati:

b

/uub:va' 1 dx
b—a

a

Upravami:

a+b
Rp="—

b)  Disperze

Pro disperzi rovnhomérného rozdéleni na intervalu <a,b> plati:

1
b—a

dx

b
Dab :j(x_ﬂ)z '
Upravami:

b b b b
D, :J‘()C—#)2 . ! a’x:ﬂ2 . ! J‘Idx— 2p J‘xderLJ‘xzdx:
b—a b—a b—a b—a

a a a

, 2u b*-a* 1 b-da’

2 2
=’ - . + :/f_lu.(a_,_b)_,_w:
3
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2 2 3 12

3a” +3b* +6ab—6a’ —6b> —12ab+4a’ +4b> +4ab _a’ —2ab+b> (a-b)

:(a+bJ2 _(a+b)’ a’+b’+ab :3-(a2 +b% +2ab)~6-(a® +b> +2ab)+4(a® +b +ab)

12 12 12

(a—b)
12

D =

ab
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Rovnomeérné, diskrétni rozdéleni na useku 0<k<n

a) Stiedni hodnota

Z normovaci podminky pro pravdépodobnost jevu nabyvajiciho diskrétnich hodnot na useku
0<k<n plati:

1=3 p)= Y. )= 3 p) =p-(n =k +1)

1

n—k+1

Pro stfedni hodnotu rovnomérného diskrétniho rozdé€leni na useku 0<k<n plati:

Upravami:
1 (N, N 1 [ne(n+l) (k=D)k | n+k
E,= ZZ—ZZ - mintD) (k=D }:’”
n—k+1| = — n—k+1L 2 2 2
Enk:n+k
2
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b)  Disperze

Pro disperzi rovnhomérného diskrétniho rozdéleni na useku 0<k<n plati:
D, z : l Enk
n—k+1
Upravami:

S TOIENIDN

IR U (n+k)-(n—k+1)  (n—k+1)-(2n> +n+2nk—k+2k>)]_
kT nk - =

n—k+l1 2 6

_B_E (n+k)+2n2 +n+2nk—k+2k*
nk nk

6
Dosazenim za E_, vztah:
n+k
Enk:
2
Dostavame:
D _[n+kj2_n+k.(n+k)+2n2+n+2nk—k+2k2_(n—k+2)~(n—k)
nk — -
2 2 6 12
D _(n—k+2)(n—k)

nk

12
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